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Abstract
In this paper a structural theorem about mutually permutable products of finite groups is obtained.
This result is used to derive some results on mutually permutable products of groups whose chief
factors are simple. Some earlier results on mutually permutable products of supersoluble groups
appear as particular cases.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Throughout the paper only finite groups are considered.
It is well known that the product of two normal supersoluble subgroups of a group is not
necessarily supersoluble. This fact has been the starting point for a series of results about
factorized groups in which the factors satisfy certain permutability conditions. Following
Carocca [10] we say that a group G = AB is the mutually permutable product of A and B if
A permutes with every subgroup of B and conversely. If, in addition, every subgroup of A
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of A and B . In a seminal paper, Asaad and Shaalan [2] study sufficient conditions for totally
and mutually permutable products of two supersoluble subgroups to be supersoluble. More
precisely they prove:
Let G be the mutually permutable product of the supersoluble subgroups A and B . If
either the product is totally permutable or A or B is nilpotent, then G is supersoluble.
The above results have been studied within the framework of formation theory. This
was the beginning of an intensive study of these kind of products, even in the infinite case
(see [5,8,9,12]).
Following Robinson [15] we will call a group an SC-group if all its chief factors are
simple. It is not difficult to see that the class of all SC-groups is closed under taking epi-
morphic images and subdirect products, that is, it is a formation. However, it is neither
subgroup-closed nor closed under taking Frattini extensions, but it is closed under taking
normal subgroups.
Since a group is supersoluble if and only if it is a soluble SC-group, and bearing in mind
the abovementioned results, it seems natural to deal with totally and mutually permutable
products of SC-groups. The first papers in this line have been written by the first and
second authors [3] and by Beidleman, Heineken and Hauck [7]. There it is shown that
totally permutable products behave well with respect to SC-groups.
Theorem A [3, Theorem A]. Let G = AB be a totally permutable product of the subgroups
A and B . Then G is an SC-group if and only if A and B are SC-groups.
On the other hand, it is known that mutually permutable products of two factors with
trivial intersection are, in fact, totally permutable ones. Therefore, by the result of Asaad
and Shaalan, if the factors are supersoluble the group is supersoluble. In fact, much more
can be said.
Theorem B [1, Theorem A]. Let G = AB be the mutually permutable product of the su-
persoluble subgroups A and B . If CoreG(A∩B) = 1, then G is supersoluble.
Here CoreG(X) denotes the largest normal subgroup of a group G contained in a sub-
group X of G.
Our main goal in this paper is to prove the following theorem.
Theorem 1. Let the group G = AB be the mutually permutable product of the subgroups
A and B . Then [A,BS ] and [AS ,B] are contained in CoreG(A∩B).
Here AS and BS denote the soluble residuals of A and B , respectively. As a conse-
quence, we have the corollary.
Corollary 1. Let the group G = AB be the mutually permutable product of A and B . Then
AS and BS are normal subgroups of G.
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SC-groups, extending Asaad and Shaalan’s ones on mutually permutable products of su-
persoluble groups [2]. The first theorem shows that the class of all SC-groups is closed
under taking mutually permutable products in which the intersection of the factors does
not contain non-trivial normal subgroups.
Theorem 2. Let the group G = AB be the mutually permutable product of A and B . If A
and B are SC-groups and CoreG(A∩B) = 1, then G is an SC-group.
The converse holds, in general. This is our next result.
Theorem 3. Let G = AB be the mutually permutable product of the subgroups A and B .
If G is an SC-group, then A and B are both SC-groups.
We finish the paper by proving the following.
Theorem 4. Let the group G = AB be the mutually permutable product of the subgroups
A and B . If A is an SC-group and B is quasinilpotent, then G is an SC-group.
Theorem 5. Let the group G = AB be the mutually permutable product of the subgroups
A and B . If A and B are SC-groups and G′, the derived subgroup of G, is quasinilpotent,
then G is an SC-group.
Note that Theorem 4 extends [2, Theorem 3.2] and Theorem 5 is a generalization of [2,
Theorem 3.8].
2. Preliminary results
First of all, recall that if F is a formation, then the F -residual of a group G, denoted by
GF , is the intersection of all normal subgroups N of G such that G/N ∈F . It is clear that
G/GF belongs to F .
In the above mentioned paper Robinson describes the structure of SC-groups. They can
be characterized in the following way.
Proposition 1 [15, Proposition 2.4]. A group G is an SC-group if and only if there is a
perfect normal subgroup D such that G/D is supersoluble, D/Z(D) is a direct product
of G-invariant simple groups, and Z(D) is supersolubly embedded in G (that is, there is a
G-admissible series of Z(D) with cyclic factors).
Note that in the above proposition D = GU = GS = E(G), where E(G) denotes the
subgroup generated by all the components of G, that is, by all subnormal quasisimple
subgroups of G (a group S is quasisimple if it is perfect and S/Z(S) is simple); GS is the
soluble residual of G and GU denotes the supersoluble residual of G. In the next remark
we observe that components in an SC-group are normal subgroups.
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group of G.
Proof. By the above comment, we know that S  D and D/Z(D) is a direct prod-
uct of G-invariant simple groups. Moreover, SZ(D)/Z(D) is a subnormal subgroup of
D/Z(D) and then it is normal in G/Z(D). Thus SZ(D) is a normal subgroup of G.
On the other hand, S is a normal subgroup of SZ(D) such that SZ(D)/S is abelian.
Therefore (SZ(D))′, the derived subgroup of SZ(D), is contained in S. Consequently
S = S′  (SZ(D))′  S and we have S = (SZ(D))′ which is a characteristic subgroup of
the normal subgroup SZ(D) of G. Therefore S is a normal subgroup of G. 
The relation between the soluble residual and the soluble radical, i.e. the product of all
soluble normal subgroups, of an SC-group is given in the following lemma.
Lemma 1 [15, Lemma 2.6(i)]. Let G be an SC-group and let D be the soluble residual
of G. Then CG(D) = CG(D/Z(D)) is the soluble radical of G.
In the following two lemmas we gather some fundamental properties of the structure of
mutually permutable products.
Lemma 2 [4]. Let the group G = HK be the mutually permutable product of the subgroups
H and K . Assume that one of the following conditions is satisfied:
(a) K is supersoluble and G′ is nilpotent;
(b) K is nilpotent.
Then GU = HU .
Lemma 3 [10, 3.5]. Let the group G = HK be the product of the mutually permutable
subgroups H and K . Then:
(a) If H ∩K X H and H ∩K  Y K , then X and Y are mutually permutable. In
particular, if H ∩K = 1, then H and K are totally permutable.
(b) H ∩K is a permutable subgroup of H and K and then H ∩K is a subnormal subgroup
of G.
The following results turn out to be crucial in the proof of our main results.
Lemma 4 [14]. If Q is a permutable subgroup of a group G, then we have that
QG/CoreG(Q) is contained in the hypercentre Z∞(G/CoreG(Q)) of G/CoreG(Q).
Lemma 5. Let the group G = AB be the mutually permutable product of the subgroups A
and B with CoreG(A∩B) = 1. Then A∩B is nilpotent.
Proof. Denote T = A∩B . Applying Lemma 3(b) and Lemma 4, we have that T/CoreA(T )
is nilpotent. Therefore TN  CoreA(T ). Hence (TN )A  CoreA(T ) T , where (TN )A
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arguing in the same way (TN )G A, that is (TN )G A∩B . This yields (TN )G = 1 by
the hypothesis and T is nilpotent. 
3. Results
Proof of Theorem 1. Assume the result is not true and G is a minimal counterexample to
the theorem. Then, for instance, [A,BS ] is not contained in X = CoreG(A∩B). Suppose
that X = 1. We have that G/X = (A/X)(B/X) satisfies the hypothesis of the theorem and
CoreG/X(A/X ∩ B/X) = 1. By minimality of G we have that [A/X,BSX/X] = 1, that
is, [A,BS ]X, a contradiction. Hence X = CoreG(A∩B) = 1.
Now we distinguish three cases:
Case 1. Set B0 = BS and assume that G = AB0. In particular, B = B0(A ∩B). We prove
that B0 is a normal subgroup of G. Denote T = A ∩ B . Note that by Lemmas 3(b) and 5,
T is a nilpotent subnormal subgroup of G. Consider the normal closure T G of T in G. If
T = 1, then G is a totally permutable product of A and B . By [6, Corollary] we have
[A,BS ] = 1, a contradiction. Thus T = 1 and G/T G satisfies the hypothesis of the theo-
rem. By minimality of G, it follows that [A,B0T G] T G. This means that A normalises
B0T G. Since B0T G = B0(A∩B)T G = BT G, it follows that A normalises BT G and BT G
is a normal subgroup of G. Now we consider the subgroup T AB of G. By Lemma 3, it is
a mutually permutable product of T A and B . Denote S = CoreT AB(T ). Then, by the mini-
mal choice of G, we have that [B0, T A] S. Therefore SB0 is a normal subgroup of T AB .
On the other hand, B0 is the soluble residual of SB0. Hence B0 is normal in T AB = T GB .
The quotient BT G/B0 = (T GB0/B0)(B/B0) is a product of a normal soluble group and
a soluble group. Hence it is soluble. This means that the soluble residual of BT G is con-
tained in B0 and then we actually have B0 = (BT G)S . Since BT G is normal in G, so is B0.
On the other hand, since [B0, T A] is contained in S, we have that B0 normalises T . There-
fore T B = T (B0(A∩B)) = T (A∩B) = T , which implies T G = T A. Then [A,B0] is a normal
subgroup of G contained in T G ∩ B0 = T A ∩ B0  A ∩ B . Since CoreG(A ∩ B) = 1, we
have that [A,B0] = 1, a contradiction.
Case 2. Suppose that G = BA0, where A0 = AS . Then A = A0(A ∩ B) = A0T . With
the same arguments to those used in Case 1, we get that [B,A0] = 1. Moreover, arguing
in an analogous manner to Case 1 with the subgroup T AB , we obtain that [T ,B0]  S,
where S = CoreT AB(T ). Then [A,B0] = [A0T ,B0] = [A0,B0][T ,B0] = [T ,B0]. Hence
[A,B0]G = [T ,B0]B  S  T , and so in X = 1, a contradiction.
Case 3. Assume that AB0 and BA0 are both proper subgroups of G. Consider the subgroup
W = A(T B0) of G and denote M = CoreW(A ∩ B). Then, by the minimal choice of G,
[A,B0]M . In particular B0 = (B0M)S is normal in W because B0M is. Therefore B0 is
a normal subgroup of G as A normalises it. Arguing as above with the subgroup Y = BA0,
we obtain A0 is a normal subgroup of G.
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Then D = N(D ∩A). Note that D ∩ A is a nilpotent subnormal subgroup of G and so N
normalises D ∩ A. Suppose first that N is non-abelian. Then D ∩ A is the soluble radical
of D. Therefore D ∩A is normal in G. Since X = 1, we have that D ∩A = 1 and D = N .
By minimality of G, we have that [A,B0]N . Since [A,B0] is also contained in A∩B , it
follows that [A,B0] is a normal nilpotent subgroup of N . This implies that [A,B0] = 1, a
contradiction. Therefore N is elementary abelian and so is a p-group for some prime p. On
the other hand, D′, the derived subgroup of D, is contained in D ∩A and so D is abelian.
With the same argument, we get that D is a p-group.
Assume that N ∩A = 1. Set C = CoreB(A∩B). Then C ∩N A∩N and C ∩N is a
normal subgroup of B . Hence (C ∩N)G = (C ∩N)A. Moreover, (C ∩N)A A and (C ∩
N)A N  B . This means that C ∩N = 1. On the other hand, A∩B is permutable in B .
Application of Lemma 4 yields (A ∩ B)/C  Z∞(B/C); in particular, (N ∩ A)C/C 
Z∞(B/C). Therefore [N ∩ A,B, . . . ,B] C ∩ N = 1. It follows that N ∩ A Z∞(B).
Consequently N = (N ∩ A)B is contained in Z∞(B) and hence B/CB(N) is a p-group
(see [13, A, 12.4(a)]).
Since A0 is normal in G, then N ∩ A0 is a normal subgroup of G contained in A ∩ B .
Therefore N ∩ A0 = 1 and [N,A0] = 1, that is A0  CG(N). Set R = CG(N). Then the
G/R = (AR/R)(BR/R) is a mutually permutable product of a soluble group AR/R and
a p-group BR/R. Applying [11, Theorem 6] G/R is soluble.
Assume now that G = R and let L/R denote a minimal normal subgroup of G/R. Then
L/R is abelian. Moreover, Op(G/R) = 1, so L/R is a p′-group. Thus L/R  AR/R.
On the other hand, [A,B0]  A ∩ B , in particular, [A,N ]  A ∩ B ∩ N = A ∩ N , that
is, [A/(N ∩ A),N/(N ∩ A)] = 1. Furthermore, L/R  AR/R which is isomorphic to a
quotient of A/(N∩A). Then L/R centralises N/(N∩A), that is, [L,N]N∩AA∩B .
By the hypothesis of the theorem we have [L,N] = 1, that is L  R, a contradiction.
Consequently G = CG(N). Thus N  Z(G) and |N | = p. This implies that N  A, and
hence, N A∩B , a contradiction.
Consequently we may assume that N ∩ A = 1. Further we have that [A,N ]  A ∩
B ∩ N = A ∩ N = 1. This means that N is a minimal normal subgroup of B . Now D =
N(D ∩A). Denote C = CoreB(A∩B). Then D ∩C is a normal subgroup of B and so we
have that (D ∩C)G = (D ∩C)BA = (D ∩C)A D ∩AA∩B , since D ∩A is normal
in A. Thus D ∩C = 1. Since (A ∩ B)/C is hypercentral in B/C, we deduce with similar
arguments to those used before that D ∩A is hypercentral in B and hence so is the normal
closure of D ∩A in B , Z say.
Since D∩A is normalised by A, we have that Z is actually the normal closure of D∩A
in G and Z = (D∩A)(Z∩N) is a normal subgroup of G. Now Z∩N is a normal subgroup
of B which is contained in N . Hence we have Z ∩N = 1 and Z = D ∩A, or Z ∩N = N
and Z = D. If Z = D ∩ A, then D ∩ A is a normal subgroup of G contained in A ∩ B .
Then D ∩A = 1, and so D = N . Now G/N = (AN/N)(B/N) satisfies the hypotheses in
the theorem, so we have, by minimality of G, that [A,B0]N , and it was clear from the
beginning of the proof that [A,B0]A. Hence [A,B0]N ∩A = 1, a contradiction.
Therefore we have that Z = (D ∩ A)G = D. Consequently, B/CB(D) is a p-group.
It then follows that [D,B0] = 1. We also have [A,B0]D by the minimal choice of G.
Therefore B0 stabilises the series 1 < D < AD. Since B0 is perfect we then have B0
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abc = (au)c with u ∈ D and then abc = avu with v ∈ D. Also acb = (av)b = auv. Since
D is abelian, we get a[b,c] = a.) This is the final contradiction. 
Proof of Corollary 1. Denote N = CoreG(A∩B). Then G/N = (A/N)(B/N) is the mu-
tually permutable product of A/N and B/N . Applying Theorem 1, [A/N,BSN/N ] = 1.
Hence BSN is a normal subgroup of G. Moreover, BS = (BS)S  (BSN)S  BS . There-
fore BS = (BSN)S . Consequently BS is a characteristic subgroup of BSN which is a
normal subgroup of G. Hence BS is normal in G. Analogously AS is a normal subgroup
of G. 
Proof of Theorem 2. Assume the result is not true and G is a minimal counterexample to
the theorem. It is clear we may suppose A and B are not both soluble, otherwise the result
follows applying Theorem B. Without loss of generality suppose that BU = BS = 1. By
Corollary 1, BU is a normal subgroup of G. Thus there exists a minimal normal subgroup
N of G contained in BU . If we denote T = CoreG(AN ∩ B), then G/T is the mutually
permutable product of AT/T and B/T where both are SC-groups and CoreG/T (AT/T ∩
B/T ) = 1. By minimality of G we have that G/T is an SC-group, that is GSC is contained
in T  B , where GSC denotes the SC-residual of G.
Suppose now that CoreB(A ∩ B) = 1. Then there exists a minimal normal subgroup R
of B contained in A ∩ B . Thus 1 = RG = RA  A, where RG and RA denote the normal
closure of R in G and A, respectively. This means there is a minimal normal subgroup M
of G contained in A. Arguing as before we obtain GSC is contained in S = CoreG(A ∩
BM)  A. Consequently GSC  A ∩ B . Since CoreG(A ∩ B) = 1, we have that G is an
SC-group, a contradiction. Therefore we may assume that CoreB(A ∩ B) = 1. Applying
Lemma 3(b) and Lemma 4, A ∩ B  Z∞(B) U , where U denotes an U -projector of B
(see [13]). Assume UA is a proper subgroup of G. Then UA is the mutually permutable
product of the SC-groups U and A. Moreover, if S denotes a minimal normal subgroup of
UA contained in U ∩A, then S is soluble as it is contained in U  B and S is subnormal
in B . This means that BU centralizes S, applying Lemma 1. Thus S is a normal subgroup
of G contained in A ∩ B , a contradiction. Therefore CoreUA(U ∩ A) = 1. By minimality
of G, we have that UA is an SC-group. Consequently G/BU is an SC-group. On the other
hand, if H/K is a chief factor of G contained in BU , we know by Theorem 1 that A
centralises it, so it is a chief factor of B and it is simple. Therefore G is an SC-group, a
contradiction. Hence we may suppose G = UA, which implies B = U(A ∩ B) = U , that
is, B is soluble, the final contradiction. 
Proof of Theorem 3. Assume the result is not true and choose for G a counterexample of
least order. Let N denote a minimal normal subgroup of G. Note that N is a simple group.
By the minimality of G, we have that AN/N  A/(A∩N) is an SC-group and analogously
BN/N  B/(B ∩ N) is an SC-group. If N0 is a minimal normal subgroup of G with
N0 = N , then A and B are SC-groups, a contradiction. Hence we have that N is the unique
minimal normal subgroup of G. If N  A ∩ B then A/N and B/N are SC-groups. This
means A and B are SC-groups, a contradiction. Consequently CoreG(A∩B) = 1 and then
A ∩B is a subnormal nilpotent subgroup of G by Lemmas 3(b) and 5. If A ∩B = 1, then
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Therefore 1 = A∩B  F(G). Thus N is contained in the Fitting subgroup of G and N is
a cyclic group of prime order. Consequently N A or N ∩A = 1. This means A/N is an
SC-group and A is an SC-group or A/(A ∩ N)  A is an SC-group. Analogously B is an
SC-group, final contradiction. 
Proof of Theorem 4. Assume the result is not true and G is a minimal counterexample to
the theorem. Let N be a minimal normal subgroup of G. Then G/N is an SC-group. Note
that if N1 is a minimal normal subgroup of G such that N = N1, then G/N1 is an SC-
group and this implies G is an SC-group, a contradiction. Hence N is the unique minimal
normal subgroup of G. By Theorem 2, we have that CoreG(A∩B) = 1. Then N A∩B .
If N is non-abelian, it is the product of simple groups which will then be components of A
and of B and hence normalized by both A and B , giving N simple, a contradiction. Thus
we may suppose that N is an abelian p-group. This means that N AS , where AS is the
soluble radical of A, and then by Lemma 1, AS  CG(N). Denote C = CG(N). Therefore
AC/C is supersoluble. This means that A/CA(Ni/Ni+1) is abelian of exponent dividing
p − 1 for every chief factor Ni/Ni+1 of A contained in N . Denote T =⋂CA(Ni/Ni+1).
Hence A/T and then (AC/C)/(T C/C) are abelian groups of exponent dividing p − 1.
Furthermore, T stabilises a series of N . Thus T/CT (N) is a p-group by [13, A, 12.4(a)]
and so is T C/C. On the other hand, B is quasinilpotent, so B centralises every chief factor
of B under N . Another application of [13, A, 12.4(a)] yields B/CB(N) (and the same for
BC/C) is a p-group. Therefore p is the largest prime dividing the order of G/C.
On the other hand, G/C = (AC/C)(BC/C) is the mutually permutable product of
AC/C and BC/C which are supersoluble and nilpotent, respectively. Hence applying
Lemma 2, G/C is supersoluble. Order considerations tell us that a Sylow p-subgroup
of G/C is normal in G/C and since N is a minimal normal subgroup of G, G/C contains
no nontrivial normal p-subgroup. Hence G/C is a p′-group and from here G/C = AC/C
and G = AC. Therefore N is a minimal normal subgroup of A which is an SC-group, that
is, N is simple, the final contradiction. 
Proof of Theorem 5. Assume the result is not true and let G be a counterexample of least
order. Arguing as in Theorem 4, we have that G has a unique minimal normal subgroup, N
say, such that G/N is an SC-group, N  CoreG(A ∩B) = 1 and N is an abelian p-group
for some prime p. Therefore N  AS , where AS is the soluble radical of A, and then by
Lemma 1, AS  CG(N). Analogously BS  CG(N). Denote C = CG(N). Hence AC/C
and BC/C are supersoluble groups. Moreover, a similar argument to the one in Theorem 4
yields (AC/C)/(T C/C) and (BC/C)/(RC/C) are abelian groups of exponent dividing
p−1, where T =⋂CA(Ni/Ni+1) and R =⋂CB(Ki/Ki+1), here Ni/Ni+1 and Ki/Ki+1
denote chief factors of A and B contained in N , respectively. Furthermore, T C/C and
RC/C are both p-groups. Therefore p is the largest prime dividing the order of G/C.
On the other hand, G/C = (AC/C)(BC/C) is the mutually permutable product of
AC/C and BC/C, which are both supersoluble. Moreover, N G′ and G′ is quasinilpo-
tent. Hence arguing as above G′C/C = (G/C)′ is a p-group. Now applying Lemma 2,
G/C is supersoluble. Then a Sylow p-subgroup of G/C is normal in G/C and since
N is a minimal normal subgroup of G, G/C contains no nontrivial normal p-subgroup.
A. Ballester-Bolinches et al. / Journal of Algebra 294 (2005) 127–135 135This implies that G/C is a p′-group. Moreover, (G/C)′ = 1 and G/C is abelian. Then
G/C = (AC/C)(BC/C) is the product of AC/C and BC/C both abelian of exponent
dividing p − 1. Thus G/C is also abelian of exponent dividing p − 1. Consider now G/C
acting on N . The application of [13, B, 9.3] yields G/C is cyclic. Hence |G/C| divides
p − 1. Consequently by [13, B, 9.8] N is cyclic of prime order, a contradiction 
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